This paper presents a new class of refined beam theories for static and dynamic analysis of composite structures. These beam models are obtained by implementing higher-order expansions of Chebyshev polynomials for the three components of the displacement field over the beam cross-section. The Carrera Unified Formulation (CUF) is adopted to obtain higher-order beam models. The governing equations are written in terms of fundamental nuclei, which are independent of the choice of the expansion order and the interpolating polynomials. Static and free vibration analysis of laminated beams and thin walled boxes has been carried out. 
Introduction
One-dimensional (1D) theories have wide applications in several engineering fields. The analysis of slender, isotropic, homogeneous solid-section structures subject to bending can be often performed by means of classical beam theories. Therefore, the Euler-Bernoulli Beam Theory (EBBT) [1] or Timoshenko Beam Theory (TBT) [2, 3] are often adopted. Their low computational cost provides a powerful tool for structural analysis, although their reliability strongly depends on the preliminary assumptions adopted. For example, both models yield to poor results whenever thin walled and composite beams are considered or non-classical effects are involved. Composite and laminated structures have extended their field of application due to their attractive properties. The analysis of composite structures requires analysis tools capable to consider their complex behaviour. In most cases, burdensome three-dimensional (3D) finite elements are needed to obtain reliable results with the desired level of accuracy. In order to circumvent the problem, several refined 1D or 2D theories have been developed over the years. These theories are aimed to maintain the simplicity and the low computational cost of beam models but are capable to detect non-classical phenomena with the desired level of accuracy. Khdeir [4] [5] [6] used the theory developed by Reddy [7] to provide exact solutions for static and dynamic analysis of cross-ply laminated beams. Moreover, Surana [8] presented a 2-D curved beam element, using Lagrange's polynomials to obtain higher-order models. Rao [9] used Taylor series expansions to include the displacement components in the cross-section plane. The generalized Timoshenko theory for composite beams embedded in the Variational Asymptotic Method was used in [10] for the calculation of sectional stiffness and shear center location for composite beam buckling and free vibration analyses. A closed-form solution for the detection cross-section warping phenomena has been proposed in [11] , whereas two different 1D FE elements were presented in [12] , with enriched axial and transverse displacement fields. Karama [13] addressed his studies on composite beams, considering exponential functions to ensure the continuity of shear stresses. Dynamic and static analyses were performed on laminated beams in [14, 15] . The dynamic stiffness method (DSM) was used in [16] to improve the prediction of flexural frequencies of laminated beams. In particular, the first-order shear deformation theory was used to take into account the important shear effects that occur in this type of structure. Li [17] used the DSM and a trigonometric shear deformation theory for laminated beams. Moreover, Piovan [18] and Mitra et al. [19] introduced theories capable to take into account the shear deformability. These models could deal with beams with arbitrary cross-section with open or closed contour. In more recent works, Vidal [20] approximated the displacement field as a sum of separate functions of the axial and the transverse coordinate. Mantari [21] expressed the displacement components in laminated as a combination of exponential and trigonometric terms. In [22] , the stability and the static behaviour of laminated beams with inverse hyperbolic shear deformation was studied. Shimpi [23] presented a trigonometric layer-wise model for two-layered cross-ply beams, whereas Tahani [24] developed two different theories for laminated beam static and dynamic analysis. The first consists of adapting the layer-wise theory for plates to beams, the second developed a beam theory following a procedure similar to those adopted for plates and shells. As the number of layers increases, the use of the layer-wise approach is limited by the increase in computational cost. Hence, layer independent theories have been developed, using Heaviside's or zig-zag functions. Murakami [25] introduced a zig-zag function into Reissner's new mixed variational principle. In [26] , a refined sine model with Heaviside function for each layer was presented, whereas the sine model was improved by introducing Murakami's function in [27] . Onate [28] introduced a new linear two-node beam element based on the combination of Timoshenko and refined zig-zag kinematics. Further studies have been made in [29] and [30] aimed to develop a general and reliable theory capable to capture every aspect of the complex nature of the composite materials.
The refined beam theories used in the present work have been developed in the framework of the Carrera Unified Formulation. The CUF has been developed for plates and shell analysis [31, 32] . Over the last years, the CUF has been extended to beam structures [33, 34] . The unique feature of CUF models is due to their hierarchical formulation, which enables the arbitrary choice of the expansion functions over the cross-section up to the desired order. Any-order structural model can be therefore implemented with no need for formal changes in the problem equations and matrices. The use of a CUF model allows us to deal with arbitrary geometries, boundary conditions and material configurations with no need for ad hoc formulation. CUF capabilities combined with the simplicity of 1D models allow us to detect shell and solid like solutions for either static [35] , free-vibration [36, 37] and buckling [38, 39] analyses by means of the Taylor-like Expansion (TE). In [34] , the contribution of each higher-order term to the final solution has been evaluated. Structural models included thin-walled sections, point loads and shell-like natural modes, whereas further studies have been addressed towards the analysis of open cross-sections, lateral edge enforced boundary conditions and layer-wise approaches [40] . Moreover, in [40] the displacement field across the section was modeled by means of Lagrange polynomials, whereas in [41] trigonometric, exponential and zig-zag theories have been used. Lagrange Expansion (LE) models used in [42] for the analysis of laminated anisotropic composites via the component-wise approach have the great advantage of considering only pure displacement variables.
In the present paper, the bi-dimensional Chebyshev polynomials of the second kind have been used in the framework of the Carrera Unified Formulation (CUF) to develop a novel refined beam theory. Chebyshev Polynomials have been widely used in solving differential equations and eigenvalue problems due to their fast convergence. For example, Zhou et al. [43, 44] used Chebyshev polynomials in studying the three-dimensional vibration of thick rectangular and circular plates. Also, Sinha and Butcher [45, 46] used Chebyshev polynomials to study the stability of systems with parametric excitation and structures with time-dependent loads.
Nath and Kumar proposed a methodology based on approximating the space in double Chebyshev series to analyze the non-linear behaviour of rectangular plates [47] . In [48] , the effects of non-ideal boundary conditions on the natural frequencies of beams and columns with variable cross-section subject to follower forces were investigated. Moreover, Ruta [49] dealt with linear vibrations of the Timoshenko beam with variable strength and geometric parameters. Functions that described the beams variable parameters (i.e. flexural rigidity, density, variable foundation parameters and loads) were implemented. These functions were then expanded into convergent series relative to Chebyshev polynomials of the first kind.
In this work, static and free vibration analysis of an Aluminum alloy box made has been carried out. Subsequently the static and dynamic analysis of laminated, sandwich and composite beams has been carried out.
The results have been compared with those obtained from TE and LE CUF theories, commercial FEM code analyses, experimental and analytical data. In the present paper, Section 2 gives an overview of the Classical Beam Theories, whereas in Section 3 the higher-order beam theories developed in the framework of CUF are presented. Moreover, the Chebyshev Expansion beam theories are introduced in Section 4. In Section 5, a brief outline of the FEM approach is given, whereas Section 6 is devoted to the presentation of the results obtained by the novel CE approach. Conclusions are drawn in Section 7
Classical beam theories
The Cartesian coordinate system adopted for a generic beam is shown in Fig. 1 . Although the cross-section reported in the figure is rectangular, the validity of the proposed formulation is not affected by this choice, which is adopted for merely illustrative purpose. According to Euler-Bernoulli Beam Theory (EBBT), the kinematic field is
where u, v and w are the displacement components of a point along x, y and z axes, respectively; u 1 , v 1 and w 1 are the displacements of the beam axis, whereas − ∂u 1 ∂y and ∂w 1 ∂y are the rotations of the crosssection about the z-axis (i.e. φ z ) and x-axis (i.e. φ x ). In EBBT, since the cross-sectional shear deformation phenomena are neglected, the deformed cross-section is assumed plane and orthogonal to the beam axis.
However, several problems (e.g., short beams and composite structures) require the inclusion of shear stresses since their neglect can lead to incorrect results. It is, therefore, necessary to generalize Eq. (1) and overcome the assumption of the orthogonality of the cross-section. The Timoshenko Beam Theory (TBT) provides an enhanced displacement field
It is clear that TBT constitutes an improvement over EBBT. In fact, the cross-section does not necessarily remain perpendicular to the beam axis after deformation. Moreover, the original displacement field is enriched by two degrees of freedom (i.e. the unknown rotations, φ z and φ x ).
3 Higher-order, hierarchical models by CUF 
where F τ indicates the functions of the cross-section coordinates x and z, u τ is the generalized displacement vector and M indicates the number of terms in the expansion. Since the generalized Einstein notation has been adopted, the repeated subscript indicates summation. The choice of F τ and the number of terms M are arbitrary. The models known from the literature as TE [33, 50, 51] are obtained considering the Taylor-like polynomials as F τ functions. It should be noted that Eq. (1) and (2) are particular cases of the linear (N = 1) TE model, which can be expressed as:
where the parameters on the right-hand side (u 1 , v 1 , w 1 , u 2 , etc.) represent linear displacements and rotations of the beam axis. Higher-order generalized displacements can be automatically included as the order N is increased. More details about TE models and the formulation of classical models as particular cases of TE can be found in [52, 53] .
CUF models based on Chebyshev polynomials 4.1 1D Chebyshev polynomials
Chebyshev Polynomials (CP) are generally divided into two classes. The first one is given by:
n being a non negative integer, and is called Chebyshev polynomial of degree n of the first kind. The second one is given by:
and is called CP of degree n of the second kind. The polynomials of the first kind are the mathematical solutions of the Chebyshev differential equation:
They can be recursively generated with the following formula:
CP are ortogonal with respect to the weight function W (x) = 1 √ 1−x 2 and valid over the interval [-1,1] . Furthermore, the CP zeros can be defined in [-1,1] as follows:
Polynomials P −1/2 n (x) and P
1/2
n (x) have been defined in [54] . Given the field C and n ≥ 0, these polynomials are closely related to the classical CP, because
Considering u = e iθ :
2D Chebyshev polynomials
Classical CPs have been extended over a bi-dimensional field in [54] . Polynomials P −1/2 m,n (x, z) are defined as a generalization of the CP of the first kind. On the other hand, P 1/2 m,n (x, z) can be considered as a generalization of the polynomials of the second kind. For the sake of brevity, the mathematical procedure to derive both classes of polynomials has been omitted. A more detailed explanation can be found in [54] and [55] . Each polynomial of the first kind having m, n above 2 can be obtained using one of the recurrence relations:
For m, n up to 2 the following relations hold:
Moreover, the 2D polynomials of the second kind having m, n above 2 can be obtained using again one of the following recurrence relations:
Chebyshev Expansion Models (CE)
In the present work, Chebyshev 2D Polynomials of the second kind have been used as F τ in the framework of CUF. For example, by means of the hierarchical procedure introduced by CUF, the CE second-order kinematic model with 18 generalized displacement variables can be defined as follows:
The above model is analogous to the second-order TE model since it involves three constant variables, six linear and nine parabolic terms. More refined CE models can be straightforwardly formulated by hierarchically enriching the kinematics above with higher-order CP. The present work will consider only full models, in which every term of the N-order expansion is taken into account.
5 Finite element formulation
Geometrical and constitutive relations
Let us adopt the reference system chosen in Fig. 1 , in which the cross-section Ω is normal to the beam axis y, which has boundaries 0 ≤ y ≤ L. The stress σ and the strain components are defined as follows:
In case of small displacements, that is linear behavior, the following relation between strains and displacement holds:
where the linear differential operator D is defined as follows:
The stress components can be obtained then by the constitutive law:
For the sake of brevity, the explicit form of the coefficientsC ij in the previous relation is omitted. More details can be found in [56, 57, 58] .
PVD and fundamental nuclei
Adopting the FEM to discretize the structure along the y axis, the generalized displacements are interpolated by means of the 1D Lagrange shape functions N i :
The properties and the expressions of the shape functions are not reported in the present paper for the sake of brevity. A more detailed explanation of this procedure can be found in literature ( [56, 57] ). In the present work four-node (B4) 1D elements leading to cubic approximation along the y axis have been used. Employing the principle of virtual displacement, the internal strain energy L int can be related to the work of the external and inertial loads, L ext and L ine respectively:
Where δ stands for virtual variation. Considering a static problem:
Considering the Eqs. (18), (17) and (21), the virtual variation of the strain energy can be written in a compact form:
The following algebraic system is obtained for static analysis :
The unknowns of the problem are the terms q, that is the node displacements, whereas K indicates the assembled stiffness matrix and F stands for the equivalent nodal loadings. On the other hand, the work of the inertial loads can be written in terms of virtual variation:
In the above equation ρ is the density of the material andü is the acceleration vector. Taking into account the Eq. 3 and the finite element expansion in Eq. 21, the previous relation can be rearranged as reported below
ijτ sq sj (27) whereq sj indicates the nodal acceleration vector and M ijτ s indicates the fundamental nucleus of the element mass matrix, whose components are:
Since no assumption has been made on the expansion order of the theory, several refined beam models can be developed without any formal changes in the fundamental nucleus components. The algebraic set of equations for the undamped dynamic problems is
Considering harmonic solutions, the natural frequencies ω i can be evaluated in the homogeneous case solving the following eigenvalue problem:
where q i is the i-th eigenvector.
Given the shape functions type and the class and the order of the cross-sectional functions F τ , the 3x3
fundamental nucleus of the stiffness and the mass matrices, K ijτ s and M ijτ s , can be computed. Subsequently, it can be automatically expanded to obtain the elemental stiffness and mass matrices, which are then assembled in the classical way of FEM. According to CUF, the expansion is made by employing four indexes: indexes τ and s are related to the functions F τ and F s , which define the beam model, whereas i and j are related to the shape functions N i and N j . The formal expression of the fundamental nucleus neither depend on the expansion order nor the choice of F τ polynomials. Thus, TE, LE and CE models can be obtained by means of the same fundamental nucleus. Considering the properties mentioned above, the CUF enables to implement with a few coding statements any order of multiple class theories. A more detailed explanation of CUF fundamental nuclei and assembly procedure can be found in [59, 50] .
Numerical Results
In the following section, the capabilities of CUF models with 2D Chebyshev polynomials of the second kind are investigated. Table 1 . Analytical results obtained with classical theories are provided for comparison. These results are obtained with the following formulas:
where I is the moment of inertia with respect to the x axis and A indicates the area of the cross section. It is clear that classical theories provide a good approximation of the problem considered since all the theories considered yield similar results in the case of homogeneous isotropic solid-section beams subject to bending.
However, it can be noticed that the CE 1 model, in which the Poisson locking phenomenon has occurred, has a deviation from the other results. For this reason, the CE 1 model isn not considered in the following analysis.
Rectangular thin walled box
Static and free vibration analysis of the thin walled box considered in [60, 61] Table 2 and Fig. 3 . The distribution of σ yz along the z axis is evaluated in [b, L/2] whereas the distribution of σ xy along the x axis is evaluated in [L/2, −h/2]. Natural frequencies resulting from the free vibration analysis are reported in Table 3 . Table 2 : w displacement values at the load application point, rectangular box without rib.
The results demonstrate the accuracy of the higher-order theories with respect to classical solutions. Column 3 of Table 2 reports the DOFs required for the different displacement models. Moreover, observing the graphs reported in Fig. 3(a) and (b) it can be noticed that classical approaches underestimate the stresses, whereas higher-order theories provide a more accurate approximation. Furthermore, it is clear that classical and lower order theories yield poor results in the case of free vibration analysis of thin-walled structures. Although these theories detect the bending modes, the shell-like modal shapes require higher-order and more refined theories to be evaluated.
A variant of the same structure, having a transversal stiffener at the free edge is then analyzed. The rib thickness is r = t. LE mesh adopted to model the rib is shown in Fig.2b . Static and free vibration analysis are carried out as previously, varying the theory expansion order. Results from static and free vibration analyses are shown in Table 4 and Table 5 , respectively.
Although the addition of the rib, the limits of the EBBT and TBT models are undeniable in the detection of shell-like and non-classical effects. Also for this, the problem requires more refined and higher-order theories.
8-layer laminated beam
The cantilever 8-layer laminated beam investigated in [41] 63.47
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II Torsional − − 799.90 (8) 641.42 (8) 366.59 (8) 641.42 (8) 366.70 (8) 428.76 (4) 428.76 (5) 430.16 (6) 443.92 (9) 430.16 (6) 445.53 (9) 438.33 used to model the structure along y. A concentrated load F z = 0.2 N is applied at the tip. Results in terms of maximum displacement and maximum longitudinal stress at mid-span are shown in Table 6 and compared with those available in literature. Moreover, σ yy and σ yz distributions along the z axis are reported in Fig.5 .
The results provided by TE expansions are in strong agreement with reference solutions available in [41] both in term of displacements and normal stresses. The classical TBT theory can be used as a good approximation for the evaluation of the axial stress σ yy . However, refined beam theories are needed to evaluate the distribution of σ yz along the z-axis. Moreover, the accordance between CE and TE models adopted for the analysis can be pointed out.
Symmetric and antisymmetric cross-ply beam
Symmetric (0/90/0) and antisymmetric (0/90) cross-ply laminated beams whose static analysis has been carried out in [41] are then considered. All the laminae have the same thickness and made of the orthotropic material having the following properties:
where L indicates the fiber direction whereas T the transverse direction. The Clamped-Free (CF) boundary conditions are imposed whereas a uniform load is distributed on the lower face. Static analyses are performed varying length-to-thickness ratio L/h = 5, 10, 20. Results are reported in Table 7 and 8 for the symmetric cross-ply and the antisymmetric cross-ply cases, respectively. The results have been normalized using the formula adopted in [41] :w
It is clear that the static behavior of laminated beams cannot be accurately described by means of the classical theories (EBBT and TBT), especially when the aspect ratio decreases. , whereas the adopted TBT theory does not account it.
Exper. [ 
Sandwich beam
Two sandwich beams whose free vibration analysis has been performed in [58] are considered. The structures consist of two face sheets (f ) bonded to a core (c) whose properties are: Table 9 .
The first seven flexural modes on the yz-plane and the first two torsional ones are evaluated. It should be noted that the expansions T E 7 and CE 7 provide the closest result with respect to the reference solution reported in [58] for the two latter modes.
In the second case, a square cross-section beam having the previous boundary conditions is considered. Lengthto-thickness L h ratio is set to 5 whereas core-to-face ratio hc h f is assumed to be 8. Dimensionless frequencies obtained using the 34 have been reported in Table 10 .
It can be highlighted that the dynamic behavior of the sandwich deep beams can be accurately described only by means of refined kinematic models. Observing the modal shapes of the structure, it can be noted that the VII and VIII modal shape ((6b) and (6c)), involve important deformations of the core. Thus, these modes cannot be described through classical theories. Moreover, the VI frequency is characterized by an antisymmetric modal shape with respect to the yz-plane (see Fig. (6a) ) that requires a refined theory to be detected.
4-layer composite box beam
A thin-walled composite box beam is then considered. The material properties are:
The lenght-to-thickness ratio Table 11 .
Although the complexity of the structure, a good level of accuracy is obtained by means of the variable kinematic models. The shell-like modes of the box with the first lamination scheme are shown in Fig. 7 . The V frequency is characterized by an anti-symmetric modal shape with respect to the yz-plane, whereas the IX mode presents the anti-symmetric modal shape in the yx-plane. The symmetric deformations of the walls with one, two and three half-waves along the longitudinal axis are shown in figures 7(b),7(c),7(d) respectively. It is clear that the order of appearance of each mode and its frequency depends on the stacking sequences (e.g. the appearance of torsional modes). The enrichment of the displacement field strongly improves the solution, although the convergence to the reference data depends on the modal shape considered.
6-layer composite box beam
The model investigated has been considered in previous works within the framework of analytical [68] , FEM [69] and experimental [70] approach, whereas Carrera Unified Formulation was used in [71] . The structure consists in a 6-layer laminated box beam with hollow rectangular cross-section, whose dimensions are: length L = 844.55 mm, height h = 13.6 mm, width b = 24.2 mm and thickness t = 0.762 mm. Each layer has the same thickness. The whole structure is made of the same orthotropic material, having Different stacking sequences and ply angles have been considered, according to circumferentially asymmetric stiffness (CAS) and circumferentially uniform stiffness (CUS) schemes reported in Table 12 . The natural frequencies are listed in Table 13 The results reveal the correspondence of Chebyshev models and Taylor models. Furthermore, the analytical and experimental solutions are well approximated by higher order and Lagrange theories, whereas the limits of classical TBT and lower order theories are demonstrated. 
Conclusions
In the present work, static and free vibration analyses of thin-walled, laminated, sandwich and composite beams have been carried out. The analyses were performed by means of the novel refined beam model based on the Chebyshev Expansion of the second kind within the framework of Carrera Unified Formulation.
The results were compared to those published in the literature obtained through TE and LE CUF models, commercial MSC Nastran code, experimental and analytical data. Refined models have proved to be capable of overcoming the well-known limits of classical beam theories. The detection of torsion, coupling, in-plane deformation and shell-like behavior is enabled. CE CUF models allow to perform structure analyses with a high level of accuracy, preserving the low computational cost typical of the 1D approach. Moreover, the correspondence between existing TE and CE models has been demonstrated. An axiomatic asymptotic analysis similar to that performed in [34] might offer interesting information about the contribution of each higher-order term in the CE model.
